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Abstract
In the first part of this paper, we give a global description of simply connected maximal
Lorentzian surfaces whose group of isometries is of dimension 1 (i.e. with a complete Killing
field), in terms of a 1-dimensional generally non-Hausdorff manifold (the space of Killing
orbits) and a smooth function defined there. In the second part, we study the completeness
of such surfaces and prove in particular that under the hypothesis of bounded curvature, com-
pleteness is equivalent to null completeness. We also give completeness criterions involving
the topological structure of the space of Killing orbits, or both the topology of this space and
the geometry of the surface.
1 Introduction
1.1 On maximal simply connected Lorentzian surfaces with a Killing field
The local geometry of Lorentzian surfaces with a Killing field is well known; the metric is locally
given by 2dxdy + f(x)dy2, where f is a y-independent scalar function, so the metric is locally
determined by the norm of the Killing field. The globalization of this picture cannot be done in
general; the obstruction to globalizing this picture is the possible presence of Reeb components in
the foliation defined by the Killing field or the orthogonal foliation, which amounts to saying that
none of the two null foliations is globally transverse to the Killing field (this has been studied in
[1]).
In the first part of this paper, we will see that the global structure of a Lorentzian surface
(X,K) with a Killing field K can be analysed in terms of the space EX of Killing orbits. We want
to give a description of these surfaces using the two following data:
• the space EX of Killing orbits, which gives a 1-dimentional (generally non Hausdorff) Rie-
mannian manifold, equipped with some combinatorial data that we call "a linking structure"
(see Definition 3.16),
• a smooth function defined on it, given by the function induced by the norm of K on EX .
This will give in particular a topological characterization of the space of Killing orbits of such
surfaces when the set of branch points of EX is locally finite.
A first problem is that EX can lack even the fundemental properties of a manifold; for example,
consider a flat 2-dimentional torus, and take as Killing field any constant vector field with irrational
slope, then the lines of the Killing field are dense in T 2 and the space of leaves has the trivial
topology. Nothing like this occurs inR2, where the leaves can be neither closed curves nor dense.
To prevent this kind of behaviour of the Killing orbits, we assume that X is simply connected,
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hence homeomorphic to R2. In this case, if K is supposed to be non singular, then EX is a 1-
dimensional simply connected manifold with a countable base (usually non-Hausdorff): Haefliger-
Reeb [10].
The simple-connectivity is not the end of the problem however. Indeed, in general, the two
data given above do not determine the global structure of the surface. Given a simply connected
Lorentzian surface (X,K), the presence of a Killing field leads to the existence of local reflections
defined in the interior of the connected components of the setXr{〈K,K〉 = 0}; these reflections
are isometries permuting the null foliations and they are called "generic reflections" (see Proposi-
tion 2.5 [1]) . Consider a non-flat torus (T,K) admitting a Killing field K; the space of leaves is
a circle, and the norm of K on the universal cover induces a periodic function f ∈ C∞(R,R).
Now, given a periodic function f , one can associate to it infinitely many metrics on the torus
with non-isometric universal cover (see [1] for details, or [13] Section 1 for a quick introduction).
Indeed, one can simply define a surface 2dxdy + f(x)dy2, (x, y) ∈ R2 which is the universal
cover of a torus; such a surface in which one of the two null foliations is everywhere transverse to
K = ∂y is called "a ribbon" in [1] and x is called the transverse coordinate. However on can also
define a periodic sequence of surfaces 2dxdy + fi(x)dy2, (x, y) ∈ Ui := Ii ×R, i ∈ S, where
fi := f|Ii , such that Ii ∩ Ii+1 is a connected component of R r {f = 0}, and glue Ui and Ui+1
using a generic reflection. If S is in one-to-one correspondence with the set pi0(Rr {f = 0}) for
instance, this gives the universal cover of a torus in which the foliation of the Killing field contains
only Reeb components.
Theorem 1.1 (Bavard-Mounoud, [1]). The isometry class of the universal cover of a non-flat
torus with a Killing field admitting a null orbit is determined by a non constant periodic function
f ∈ C∞(R,R), that vanishes, together with a countable set of periodic marking points onR.
The problem above is avoided by supposing that the surface is maximal, i.e. cannot be ex-
tended. Let (X,K) be a simply connected surface with a Killing field K; the Killing field defines
a singular foliation of the plane whose singularities are saddle points. The space of leaves of such a
foliation is no longer a simply connected manifold, but it gives rise to a nice Riemannian manifold
EX of dimension 1 such that there exists a local diffeomorphism x ∈ C∞(EX ,R); which locally
is given by the transverse coordinate. In the first paragraph of this paper, we examine the topol-
ogy of this manifold; a topology satisfying these constraints will be referred to as the T topology
(see Definition 3.15). We will see in particular that some geometric properties of the surface have
direct consequences on the topology of the space of Killing orbits. We prove the following
Theorem 1.2. There is a bijection between smooth simply connected and maximal Lorentzian sur-
faces (X,K) admitting a non-trivial complete Killing field K (up to isometry), and the quadru-
plets (E ,A, x, F ), up to equivalence (see Proposition 3.23 for more details), where
1. E is a 1-dimensional smooth manifold E with a countable base, and topology T,
2. A is a linking structure A on E ,
3. x : E → R is a smooth local diffeomorphism, defined up to translation and change of sign,
defining on E a translation structure,
4. F ∈ C∞(E ,R) is anA-inextensible smooth function such that the set {F = 0} is composed
of
(a) the closure of the set of branch points, with simple zeros on cycles of branch points,
(b) elements of I ∈ Σ whose closure in E is Hausdorff.
Here, Σ denotes the set of connected components of the interior of E r B, where B is the set
of branch points of E . Once this correspondence is obtained, we will give in the second part of
this paper some classes of surfaces in which one can say something about geodesic completeness.
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In particular, we can describe all complete and simply connected Lorentzian surfaces admitting a
Killing field, with bouned curvature.
1.2 On the completeness of Lorentzian surfaces with a Killing field
Compact case: Hopf-Rinow vs Clifton-Pohl. Hopf-Rinow’s theorem states that a Riemannian
metric is geodesically complete if and only if the canonically associated distance is complete; in
particular any compact Riemannian manifold is complete; the same holds for any Riemannian
manifold that is globally homogeneous. There are no analogous conclusions in the Lorentzian
case, and it is well known that a compact Lorentzian manifold may be geodesically incomplete.
More generally (see [4, Lemma p.22]), if a Lorentzian torus is null complete, then its null foliations
contain no Reeb components. In particular, the Clifton-Pohl torus is null incomplete (see figure
below), and all the complete metrics belong to the same connected component of the space of
Lorentzian metrics, the one containing the flat metrics.
Figure 1: Null foliations of the Clifton-Pohl torus
In [14] and [15], Romero and Sanchez give different examples and different ways to obtain
incomplete Lorentzian metrics on the torus T 2. At the same time, Guediri and Lafontaine obtained
in [9] examples of incomplete compact and locally homogeneous Lorentzian manifolds.
The lack of completeness in the compact case gave rise to the obtention of additional conditions
which, joint to compactness, would imply completeness of the Lorentzian manifold. Thus, the
question of geodesic completeness in the pseudo-Riemannian setting is often viewed from the
point of view of (G,X)- structures: under what assumptions are the (G,X)- compact manifolds
(where G preserves a pseudo-riemannian metric) geodesically complete ? When G preserves a
Riemannian metric, all (G,X)- compact manifolds are complete, by the Riemannian Hopf-Rinow
theorem. Carrière shows in [3] that any flat Lorentzian metric on T 2 is complete; these surfaces
are locally modeled on Minkowski plane. Klingler generalizes this to Lorentzian manifolds of
constant curvature [11]. Sanchez shows in [16] that a 2-dimensional torus admitting a Killing field
with a null orbit is never complete. This becomes clear if one remembers that the universal cover
of such a torus is a proper open subset of its universal extension, a result by Bavard and Mounoud
[1]. These models are proved to be complete in [13]. In this paper, we study more generally the
completeness of simply connected Lorentzian surfaces admitting a Killing field.
In their paper [14], Romero and Sanchez conjecture that the null completeness of a compact
Lorentzian manifold implies completeness; which is proved to be true for locally homogeneous
manifolds [12]. If we consider tori with one of the two null foliations by circles, then this is
"generically true" [5], but there are arguments to think that maybe a counterexample can be found.
We obtain the following result:
Theorem 1.3. A smooth Lorentzian surface with a complete Killing field and bounded curvature
is complete if and only if it is null complete.
The null completeness of the surface is equivalent to saying that E satisfies a certain property
of "weak " geodesic completeness, defined relative to the linking struture. We also give com-
3
pleteness criterions involving both the topological structure of the space of Killing orbits and the
geometry of the surface. If (X,K) is a Lorentzian surface with a Killing field K, the local dif-
feomorphism x ∈ C∞(EX ,R) on the space of leaves induces a Riemannian structure on it by
taking the metric σ = dx2. This defines a uniform structure on EX for which one can consider a
stronger completeness condition than the geodesic completeness of the space of leaves, regarded
as a Riemannian manifold. In the following results, we say that EX is complete if it is complete
for this uniform structure.
Theorem 1.4. Let (X,K) be a simply connected null complete Lorentzian surface with Killing
field K. Suppose that the transverse derivative of the norm of K is a bounded function, then X
is complete if and only if geodesics orthogonal to K are complete. If in addition EX is complete,
then X is complete.
Theorem 1.5. Let (X,K) be a simply connected Lorentzian surface with Killing field K, such
that the norm of K is a bounded function. Suppose that EX is complete and contains no infinite
chain of branch points, then X is complete.
Here, an infinite chain of branch points is a countable set {pi}i∈I of points in EX such that for
all i ∈ I , there is j ∈ I, j 6= i, such that pi and pj cannot be separated by disjoint neighborhoods.
In the study of geodesic completeness, special attention is given to geodesics that stay in a
maximal ribbon after a certain while. For a fixed ribbon, either they are all complete, or all in-
complete, and their completeness is characterized in terms of a condition involving the norm of
the Killing field in the given ribbon. With conditions involving this time only the topology of
the space of leaves, we give a large class of surfaces where all the geodesics of the surface end
in some maximal ribbon, hence in which geodesic completeness is characterized. Among them
we have the "small surfaces" (Definition 4.15) which are maximal surfaces with a finite number
of ribbons. We end this paper by giving various examples illustrating completeness behaviours
for the geodesics of a null complete Lorentzian surface, which may appear when omitting certain
conditions in the completeness results of the previous paragraphs. We obtain for example a simply
connected surface all of whose geodesics are complete, except timelike geodesics from a certain
point.
This paper is organized as follows: in paragraph 2 we introduce the fundamental tools and
notions from [1] dealing with the geometry of compact Lorentzian surfaces with a Killing field,
and set up the necessary vocabulary to reading this paper. In paragraph 3, we obtain a description
of maximal and simply connected Lorentzian surfaces admitting a Killing field using the space of
Killing orbits. Paragraph 4 deals with geodesic completeness of these surfaces.
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2 Structure of Lorentzian surfaces admitting a Killing field
All the facts we will be compiling in this section, dealing with the geometry of Lorentzian surfaces
with a Killing field, have been investigated in [1]. Let (X,K) be a Lorentzian surface with a
Killing field K, which we assume to be complete.
Definition 2.1 (ribbons, bands and dominoes). Let U be a subset of X saturated by K. Suppose
K never vanishes on U ; we say that (U,K) is
(1) a ribbon if U is open, simply connected and if one of the null foliations in U is everywhere
transverse to K.
(2) a band if U is homeomorphic to [0, 1] ×R, with 〈K,K〉 vanishing on the boundary and not
vanishing in the interior of U .
(3) a domino if U is open, simply connected, and K has a unique null orbit in U .
The closure of the connected components of X r {〈K,K〉 = 0} are bands. We have the
following definition, resulting from Lemma 2.8 of [1]:
Definition 2.2. A Lorentzian band (B,K) is said to be:
(1) of type I: if the foliations defined by K and K⊥ are both suspensions.
(2) of type II: if the foliation of K is a suspension and that of K⊥ is a Reeb component.
(3) of type III: if the foliation of K is a Reeb component and that of K⊥ is a suspension.
In the following figures, the foliation ofK is represented in black, and the orthogonal foliation
in red.
Type I band Type II band Type III band
Figure 2: A type I, type II and type III band
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Figure 3: The Clifton-Pohl torus has 4 bands of type II
Figure 4: A saddle with the origin removed contains 4 bands of type III.
The existence of local reflections. The presence of a Killing field leads to the existence of local
reflections. The reflection fixing a nondegenerate geodesic perpendicular to K is an isometry, but
unlike the Riemannian case, it is only defined locally when the norm of K vanishes (see the figure
above). We write this in the following:
An atlas for (X,K). If U denotes a ribbon in X and p ∈ U , we can choose a null-geodesic γ
passing through p, maximal in U and transverse to K. On the saturation of the geodesic by the
flow of K, which is equal to U by connexity, the metric writes
2dxdy + f(x)dy2,
where L = ∂x is a null vector field parametrized by 〈L,K〉 = 1, and K = ∂y. The coordinate
denoted by x, which is well defined up to translation, will be called the "transverse coordinate",
or simply the x-coordinate. Thus, the norm of K in the ribbon is given by f in the x-coordinate;
it vanishes on the null orbits of K contained in U .
Remark 2.3. ([1, Lemme 2.25]). The geodesic parametrization of a null orbit of K is incomplete
if and only if it corresponds to a simple zero of f .
When 〈K,K〉(p) 6= 0, there exists another null-geodesic transverse to K and passing through
p, giving rise to another formula for the metric on an open set U ′ of X . On the intersection
U ∩U ′, the norm ofK doesn’t vanish: we have by Proposition 2.5 of [1] the existence of a generic
reflection, i.e. a local isometry fixing a non-degenerate geodesic perpendicular to K and sending
K to −K, and thus permuting the null foliations. The transition map is given on U ∩ U ′ by
composing (x, y) 7→ (−x,−y) with the generic reflection φ given by φ(x, y) = (x, 2G(x) − y),
where G is a primitive function of −1/f .
This gives an atlas of X minus the zeros of K, such that on each open set the metric reads
2dxdy + f(x)dy2, with K = ∂y, and transition maps are given by generic reflections.
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Riemannian structure on the space of Killing orbits. Let (X,K) be a simply connected
Lorentzian surface with Killing field K. Consider a positively oriented hyperbolic basis (U, V ) in
X(X), the space of smooth vector fields on X , i.e. 〈U,U〉 = 〈V, V 〉 = 0 and 〈U, V 〉 = 1. Define
a volume form ν by setting ν(U, V ) = 1; ν does not depend on the choice of this basis. Define a
1-form ω := iKν: this form is closed, hence exact since X is simply connected. So there exists a
submersion x ∈ C∞(X,R) ( defined up to translation) such that ω = dx, inducing a local diffeo-
morphism 1 between the space of leaves of K andR. This makes it into a manifold of dimension
1 (see [1, Proposition 2.21]), on which we can define a Riemannian structure by taking the metric
dx2. The submersion x coincides, up to translation and change of sign, with the x-coordinate of
any local chart. When X is the universal cover of a non-flat torus, the diffeomorphism between
the space of Killing orbits and R is a global diffeomorphism, making this space into a Hausdorff
manifold of dimension 1.
3 Maximal simply connected Lorentzian surfaces with a Killing field
3.1 Topological and differential properties of the space of leaves
Let (X,K) be a simply connected Lorentzian surface admitting a non-trivial Killing field K.
Denote by EX the space of leaves of the foliation defined by K. It is an orientable 1-dimensional
Riemannian manifold, generally non-Haussdorf. In this paragraph, we examine the topology and
the geometry of this manifold:
• What are the possible branch points in EX ? Do they satisfy some combinatorial property
(existence of global constraints on the set of branch points) ?
• Completeness of EX (for the induced uniform structure) ?
In the elementary case, i.e. when the norm of K does not vanish, the space of leaves is home-
omorphic to the real line; indeed, since X is homeomorphic to the plane, null cones determine
two one dimensional foliations all of whose leaves are homeomorphic to the line, and which are
moreover everywhere transverse to K since the norm of the latter does not vanish. The space of
leaves can then be parameterized by a maximal null geodesic. In the following, X is assumed to
be non-elementary.
We will see that some geometric properties of the surface have consequences on the topology
of the space of Killing orbits; we distinguish in particular the following cases:
1. X maximal;
2. X null complete;
3. X analytic and maximal.
Recall that a null complete surface admitting a Killing field is maximal and has no saddle at infinity
(i.e. any null orbit of K is contained in a complete null geodesic, see [1, Definition 3.2]).
A point p on EX is said to be a "branch point" if there is a point q 6= p such that p and q cannot be
separated by disjoint neighborhoods in EX . Denote by B the set of branch points, and Σ the set of
connected components of the interior of EX rB.
Definition 3.1. A branch point p of EX is said to be a "simple branch point" if the set Vp of points
q 6= p such that p and q cannot be separated, satisfies one of the two following properties:
- Vp contains only one point;
- Vp contains exactly two distinct points that can be separated.
1We use the french terminology and say that a manifold E is "étalé" inR if there is a local diffeomorphism from E
intoR (Definition 3.4).
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Definition 3.2. 1) A simple branching is the union of a pair of simple branch points (pi)i∈Z/2Z
such that for i ∈ Z/2Z, pi+1 ∈ Vpi , and the element σ ∈ Σ such that ∀i ∈ Z/2Z, pi ∈ σ¯.
2) A branching of order n ∈ N≥2 is a cycle of order n of simple branchings.
p1 p2
p3
Figure 5: A simple branching; a chain of simple branchings; branchings of order 2, 3 and 4
We also define an "infinite (resp. finite) chain of simple branchings", for which the simple
branch points -in infinite (resp. finite) number- are indexed by Z (resp. a finite subset of Z) in-
stead of Z/nZ.
The possible branch points in the space of leaves are described in [1, Paragraph 4.1]. First,
we give an exposition of what is known in [1] about this manifold, before we can fully describe
its topology. The branch points of EX correspond precisely to the null orbits of K bordering the
squares of X; in other words, to the boundaries of the connected components of {〈K,K〉 6= 0} in
X .
Definition 3.3. Let (X,K) be a simply connected Lorentzian surface with Killing field K. A null
band of X is a connected component of the interior of the set {< K,K >= 0}. The space of
leaves of a null band will be referred to as a null component of EX . The null components have
Hausdorff closure.
Notation: Let (X,K) be a simply connected Lorentzian surface with a Killing field K. We
denote by Σ1 (resp. Σ0) the subset of Σ of elements with non Hausdorff (resp. Hausdorff) closure.
We define the following property (P) on EX :
If σ ∈ Σ1, then σ¯ is a closed interval with exactly one or two pairs of non-separated points in the
boundary.
When X is a maximal surface, EX satisfies the property (P), i.e. Σ is the union of
• intervals Ii, i ∈ I , such that {〈K,K〉 6= 0} = qi∈IIi and
Ii
EX =

The space of leaves of a square
or
The space of leaves of a type III band near infinity
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• intervals Jj , j ∈ J , such that
◦︷ ︸︸ ︷
{〈K,K〉 = 0} = qj∈JJj , and
Jj
EX =

The closure of a null component
or
The closure of a null component near infinity
Figure 6: The space of leaves of a type III band (on the left) and a square (on the right)
This is equivalent to saying that when X is maximal, and if U is a connected component of
Xr{〈K,K〉 = 0}, then the closure of U in X minus the zeros of K is either a Lorentzian square
or a type III band; this is proved in [1, Proposition 2.20]. Note that ifX is not maximal, an interval
of EX r B whose closure in EX is a Hausdorff segment is the space of leaves of a type I band or
a type II band, half a band, or a null component.
These segments can accumulate, and the set of branch points B is not closed in general.
A null orbit ofK isolated in {〈K,K〉 = 0} is the border between two adjacent squares. Denote
by f the function induced by the norm of K in the ribbon containing this orbit. The following
figure shows how the segments corresponding to squares are connected to each other in the space
of leaves, depending on whether f changes sign or not.
f changes sign
f does not change sign
Figure 7: Connecting two squares in the space of leaves
Figure 8: Presence of a null-component
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From a topological point of view, the spaces of leaves represented in Figure 7 are the same.
The only consideration of the space of leaves is therefore not sufficient to characterize the foliation.
For example, to a manifold with 3 simple branch points, one can associate two conjugation classes
of non-oriented foliations (see [7]; in this paper, Godbillon gives a topological classification of
foliations of the plane whose space of leaves have a finite number of branch points).
Figure 9: Two classes of foliations associated to a manifold with 3 simple branch points
Definition 3.4. A smooth manifold E of dimension 1 is said to be "étalé in R" if there is a local
diffeomorphism of E intoR.
Given an oriented manifold of dimension 1 étalé in R, we distinguish in the following defini-
tion two types of non-separation for the branch points.
Definition 3.5. Let E be a manifold of dimension 1 étalé in R by a local diffeomorphism x ∈
C∞(E ,R). Let p and q be two non-separated points of E . We say that p and q are not right-
separated (resp. left-separated) and we write pRr q (resp. pRg q) if, given two neighborhoods
Vp and Vq of p and q respectively, x(Vp ∩ Vq) is on the right (resp. on the left) of x0.
It is not difficult to see thatRr andRl are equivalence relations onB. For every p ∈ B, denote
by [p]r (resp. [p]l) the equivalence class of p for the relation Rr (resp. Rl). When E = EX for a
certain simply connected Lorentzian surface (X,K), the branch points of EX are simple branch
points; therefore, these equivalence classes have cardinality 1 or 2.
We say that an infinite chain of simple branchings is bounded on the right (resp. on the left)
if it contains a branch point p such that #[p]r = 1 (resp. #[p]l = 1); this point is then called the
"right-boundary" (resp. "left-boundary") of the chain. It is a finite chain if and only if it is bounded
on both sides.
Remark 3.6. If p is a branch point of EX such that #[p]r = #[p]l = 2, then the corresponding
null orbit of K is isolated in the closed set {〈K,K〉 = 0}, for it borders two bands in X; the
converse is true if X is assumed to be maximal (see the proof of Proposition 3.7).
Proposition 3.7. Let (X,K) be a simply connected non-elementary Lorentzian surface with a
non-trivial Killing field K. Then EX is a (connected) étalé manifold of dimension 1 with a count-
able base (usually non-Hausdorff), whose non-separated points are simple branch points. And
1. if X is a maximal with no zero of K, then EX is simply connected and satisfies the property
(P). Moreover, on a finite or infinite fixed branching, the corresponding null orbits ofK are
all of the same nature (complete or not).
2. if X is null complete, then EX satisfies the property (P), and all finite cycles of simple
branchings have order 4.
Proof. 1) Suppose X is maximal with no zero of the Killing field, then K induces a non singular
foliation of the plane, and simple connectedness of the space of leaves results from [10, Proposition
1 p. 121]. To show the second part of 1), consider U a Lorentzian domino contained in X and
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f ∈ C∞(I,R), I = x(U), the function such that fox = 〈K,K〉. Translating x if necessary, set
x0 = 0 in the unique zero of f in I , and fix U0 =]−m, 0]×R a component of Ur{〈K,K〉 = 0};
where m ∈ R is the length of the segment EU0 . Taking the local chart in the interior of U0
induced by the other null foliation, we have a ribbon Uˆ0 =]0,m[×R, 2dxdy+ fˆ(x)dy2, such that
fˆ(x) = f(m−x), contained in U , and which is maximal in the latter. It is clear that fˆ extends into
a function g defined over an interval ]0,m
′
[, m
′
> m, since fˆ defines the same germ at x = m
as f at x = 0. We then define a proper extension of U by gluing a ribbon Rg along U0 using a
reflection of U0. Thus, if X contains a domino U , it also contains, by maximality, an extension of
U of the previous form. Denote by p the branch point in EX corresponding to the (isolated) null
orbit of K in U , this yields in particular that #[p]r = #[p]l = 2. Moreover, x = 0 is a simple
zero of f if and only if x = m is a simple zero of g; consequently, the corresponding null orbits
of K are of the same nature, complete or not (see Remark 2.3). Note that EX cannot contain a
branching of finite order since it is simply connected; so a simple branching in EX is contained in
a finite or infinite chain of simple branchings. It follows also from the above construction that EX
satisfies the property (P).
2) Suppose now that X is null complete, and consider a Lorentzian domino U contained in X . We
have two different situations:
• If the null orbit of K is semi-complete, the only way to complete it is to add a saddle point,
see [1]. Therefore, U is contained in a saddle of X; and in a neighborhood of this zero of
K, EX is a 4 order branching.
• If the null orbit of K is complete, we show that X contains an extension of this domino
of the form obtained in 1) (recall that a null complete surface is maximal). If we prove
that EX does not contain a branching of finite order outside a saddle, then this construction
necessarily gives a finite or infinite chain of simple branchings . To do this, note that a
finite order branching in EX defines a simple cycle of ribbons in X . Now, since X is
simply connected, every simple cycle of ribbons, according to [1, Lemma 3.13], consists of
4 ribbons around a saddle point. This completes the proof.
Figure 10: Extension of a domino by means of a local reflection
If X is maximal, and if p ∈ B satisfies #[p]r = 1 or #[p]l = 1, then it appears in the proof
of Proposition 3.7 above that the corresponding null orbit lp in X is not isolated in the closed set
{〈K,K〉 = 0}. So if the norm of K is identically zero from one side of lp, then p is the boundary
of a null component of EX . If #[p]r = 1 (resp. #[p]l = 1) and if the norm of K is not identically
zero on the right (resp. on the left) of p, then in the ribbon containing lp there are bands which
accumulate on lp, so that p is a limit point of B. In particular, we have the following fact
Fact 3.8. If X is maximal, and p ∈ B satisfies #[p]r = 1 or #[p]l = 1, and if B is locally finite,
then p is the boundary of a null component.
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The simply connected metric space associated to the space of leaves Let (X,K) be a simply
connected Lorentzian surface with a Killing field K. We can define the following binary relation
on EX : for p, q ∈ EX , pRq if and only if p and q cannot be separated. Obviously, R is not an
equivalence relation for it is not transitive; we then define R˜ as the equivalence relation generated
byR.
The Riemannian structure on the space of leaves EX induces a pseudometric on this space that
we denote by δ. Denote by T1 the quotient topology on EX and T2 the pseudometric topology. T1
is a strictly finer topology than T2: for non Hausdorff EX , T2 is not Kolmogorov. The vanishing
of the pseudometric induces an equivalence relation on EX that makes it into a metric space (in
particular Hausdorff), and which coincides with R˜. So the above equivalence relation reads pR˜q
if and only if δ(x, y) = 0.
The topological identification that corresponds to the quotient of (EX , T2) by the equivalence
relation p ∼ q if δ(p, q) = 0 is the Kolmogorov quotient.
Definition 3.9. We define G(EX) := EX/R˜ to be the Kolmogorov quotient of (EX , T2).
Proposition 3.10. Let (X,K) be a simply connected Lorentzian surface with a non-trivial Killing
field K. Then G(EX) is a real tree, and G(EX), with the quotient topology of T1, is Hausdorff.
Proof. From the observations preceding this proposition, G(EX) is a metric space. Furthermore,
we know that the only cycles in EX are the branchings of order 4, (this is a consequence of
[1, Lemma 3.13]). The definition of G(EX) implies that the resulting space is a real tree. The
topology on G(EX) induced by T1 is finer than the metric topology (and it may be strictly finer
than the latter), so G(EX) is again Hausdorff for the quotient topology of T1.
Remark 3.11. (EX , T2) is in general not locally compact. If B is T2-locally finite, then EX is
T2-locally compact. The converse may not be true.
Remark 3.12. If (X,K) is a Lorentzian surface with Killing fieldK, the functionF ∈ C∞(EX ,R)
induced by the norm ofK vanishes at all the branch points of EX , and satisfies the following prop-
erty: if F is of rank 1 (resp. of rank 0) at a point p of EX , then it is also of rank 1 (resp. of rank 0)
at every point q such that δ(p, q) = 0.
Remark 3.13. In [10] p. 115, the authors define a differential structure on the simple branching so
that any C∞ function defined on it is of rank 0 at the origin. They also give examples of manifolds
of dimension 1 admitting a differentiable structure of class C∞ such that all the differentiable
functions on these manifolds are reduced to constants. This pathological property is discarded in
the case of EX manifolds for there is a function x : EX → R which is a local diffeomorphism, thus
of rank 1 everywhere. In particular, if H ∈ C∞(EX ,R) there is no constraint on the zeros of h
except the one given in Remark 3.12.
3.2 Distinguished geodesics and linking structures
In the sequel, we say that φ : (X1,K1) → (X2,K2) is an isometry between two Lorentzian
surfaces (X1,K1) and (X2,K2) admitting a Killing field, if φ is an isometry sending K1 to K2.
We know that in any orientable and time orientable Lorentzian surface, there exists two null-
foliations. Let (X,K) be a simply connected Lorentzian surface with a Killing field K; the two
null-foliations define two disjoint families of ribbons covering X , such that two any ribbons in
the same family are disjoint, and two ribbons belonging to different families are either disjoint or
intersect in an open band.
Recall that EX is a smooth manifold étalé in R by a local diffeomorphism x ∈ C∞(EX ,R);
in particular, EX is orientable, oriented by dx.
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Definition 3.14. A geodesic of EX is called "distinguished" if it is an oriented maximal geodesic
which is the space of leaves of a ribbon in X .
This gives two disjoint families of distinguished geodesics of EX , such that the intersection of
two of them is either empty or a connected component of the interior of EX rB.
The orientation of K induces an order on the pairs of points {p1, p2}, where p1 and p2 are
two non-separated points of EX . We will denote by (p1, p2), p1 < p2, the ordered pair with origin
p1 and end point p2. Let γ be a distinguished geodesic, and let σ ∈ Σ contained in γ, whose
closure in EX is a non-Hausdorff segment whose boundary is given by two ordered pairs (p1, p2)
and (q1, q2). The geodesic is characterized by the fact that it passes through p1 and q2 (or p2 and
q1), for any σ ∈ Σ contained in γ, whose closure in EX is as before.
Distinguished geodesics of an étalé manifold
Definition 3.15. Let E be a manifold of dimension 1 with a countable base, étalé in R. We say
that E has topology T if it satisfies in addition the following properties:
(1) Non-separated points are simple branch points.
(2) Finite order branchings are of order 4.
(3) E satisfies the property (P).
(4) G(E) is a real tree.
Notation: We define Σ2 as the subset of Σ1, such that if σ ∈ Σ2, then σ¯ is a non-Hausdorff
segment with two pairs of non-separated points in the boundary.
Let E be a smooth manifold with a topology T. For any element σ ∈ Σ2, giving only the
topological manifold E does not allow to distinguish the non-separated points in the boundary
of σ, and therefore to characterize distinguished geodesics by the way in which they cross these
points. We then need an additional data on E :
Definition 3.16. Let E be a smooth manifold with a topology T. A linking structureA on E is the
giving of two families F1 and F2 of pairwise disjoint maximal geodesics satisfying the following
conditions:
1. F1 ∪ F2 = E and F1 ∩ F2 = ∅,
2. ∀γ1 ∈ F1, ∀γ2 ∈ F2, γ1 ∩ γ2 = ∅ or γ1 ∩ γ2 ∈ Σ1.
The second condition will be referred to as the transversality condition.
A maximal geodesic of E is said to be distinguished relative to A if it belongs to one of the
two families.
Notation: We denote by GA the set of all distinguished geodesics of E relative to A.
Note that since there is no cycle in G(E), a distinguished geodesic is diffeomorphic toR.
In what follows, we give a combinatorial way to define a linking structure on E . Take σ ∈ Σ2,
and denote by ∂1σ (resp. ∂2σ) the left boundary (resp. right boundary) of σ composed of two non-
separated points. If E ' EX , we know that there are two distinguished geodesics of EX containing
σ, and they define a bijection µσ : ∂1σ → ∂2σ. For σ ∈ Σ2, there are two possible bijections from
∂1σ = {a, a′} to ∂2σ = {b, b′}. Fixing a bijection φσ determines two distinct paths on the closure
of σ whose intersection is σ; they are defined by [a→ φσ(a)] and [a′ → φσ(a′)].
Remark 3.17. Let E be a smooth manifold with a topology T. A linking structure on E induces
a bijection φσ : ∂1σ → ∂2σ for every element σ ∈ Σ2. And a distinguished geodesic of E is a
maximal geodesic such that for all σ ∈ Σ2, the geodesic follows a path defined by φσ.
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In the proof of the following lemma, a simple cycle of geodesics of E is a sequence of geodesics
γ0, γ1, γ2, ..., γn = γ0 such that γi ∩ γj 6= ∅ if and only if |i− j| = 1.
Lemma 3.18. Let E be a smooth manifold with topology T. Giving a linking structure on E is
equivalent to giving a bijection φσ : ∂1σ → ∂2σ, for all σ ∈ Σ2, such that the set
G := {γ, where γ is a maximal geodesic such that ∀σ ∈ Σ2, γ follows a path defined by φσ}
covers E .
Proof. What we have to show is how one can define a linking structure on E when given these
bijections on every σ ∈ Σ2, in such a way that the set of distinguished geodesics coincides withG.
Associate to every element of Σ2 a bijection between the left boundary and the right boundary, and
define G as in the lemma. We define an equivalence relation ∼ on G in the following way: let α,
β ∈ G, and choose two points p and p′ on γ and γ′ respectively. There exists a piecewise smooth
path in E with no cycle, joigning p and p′; denote it by r. Since G covers E and r is compact, r
can be covered by a finite number of geodesics of G; denote by {γ0, ..., γn} the sub-family of G
covering r such that: γ0 = α, γn = β, and γi ∩ γj 6= ∅ if and only if |i− j| = 1 (when r is fixed,
this family is well defined). Set γ ∼ γ′ if n is an even number. The equivalence relation provides
a partition ofG into two disjoint equivalence classes F1 and F2 satisfying F1∪F2 = E . We claim
that the parity of n does not depend on the choice of the path r, p and p′. To see this, suppose
there is another path r′, with no cycle, joining p and p′, and let {γ′0, ..., γ′m} be the sub-family of
G covering r′, such that γ′0 = α, γ′m = β, and γ′i ∩ γ′j 6= ∅ if and only if |i− j| = 1. It is clear that
the family {γ0, ..., γn, γ′0, ..., γ′m} defines a closed path in E ; let us first assume that each geodesic
in {γ0, ..., γn, γ′1, ..., γ′m−1} appears only once. One can define by induction a decomposition of
this family into sub-families fj := {γij , γij+1, ..., γij+1 ; γ′i′j , γ
′
i′j+1
, ..., γ′i′j+1}, 0 ≤ j ≤ k−1, with
k ∈ N, i0 = 0, i′0 = 1, ik = n, i′k = m − 1, such that each of them is a simple cycle in GA.
This can be done in the following way: at each step, fj is the subset containing {γij , γ′i′j} and
satisfying: γ′i′j ∩ (γij+1 ∪ ... ∪ γn) = ∅, γ
′
l ∩ (γij ∪ ... ∪ γn) = ∅, with i′j + 1 ≤ l ≤ i′j+1 − 1,
γ′i′j+1 ∩ (γij ∪ ... ∪ γij+1−1) = ∅, and γij+1 ∩ γ
′
i′j+1
6= ∅.
Since G(E) is a tree, each cycle fj is necessarily a finite order branching (for otherwise its
projection in the real tree would give a cycle in it), hence one of order 4. So if we count the
number of geodesics in the total family, we have 4k−2(k−1)+2 = 2k+4 geodesics. Moreover,
we know by hypothesis that there are m+n+ 2 of them, so we get m+n = 2k+ 2, hence m+n
is an even number. It follows that m and n have the same parity. It appears from this proof that
the conclusion does not depend on the choice of the points p and p′ either.
Now suppose that {γ0, ..., γn, γ′1, ..., γ′m−1} is no longer injective. Let (sj)1≤j≤l and (s′j)1≤j≤l
be two maximal subsets of {1, .., n} and {1, ..,m} respectively, such that γsj = γ′s′j , for all 1 ≤
j ≤ l. Consider the family
{
γsj ... γsj+1
γ′s′j ... γ
′
s′j+1
}
, for 1 ≤ j ≤ l − 1. If such a family contains only
elements of the sequences (sj) and (s′j), then it has an even cardinal number; otherwise, it is as
above and then has also an even number of elements. Finally, since two consecutive families have
an even number of elements in common, we conclude that the global family has an even cardinal
number, which implies that m+ n is even and proves our claim.
Now we have to see that if two distinct geodesics belong to the same family Fi, i = 1, 2,
then they are necessarily disjoint. Assume this is not the case; this gives, by definition of Fi, a
cycle in G with an odd cardinal number, which is impossible. Finally, the transversality condition
(see Definition 3.16) is a consequence of the fact that there is no cycle in E other then 4-order
branchings; this finishes the proof.
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Now let h : E → E ′ be a homeomorphism between two manifolds with a topology T. Let
A (resp. A′) be a linking structure on E (resp. E ′); this gives on each element σ ∈ Σ2 (resp.
σ′ ∈ Σ′2) a bijection φσ (resp. φ′σ′). The homeomorphism h sends the distinguished geodesics of
E into those of E ′ if and only if for all σ ∈ Σ2 and σ′ ∈ Σ′2 such that h(σ) = σ′, we have
φ′σ′ = h oφσ oh
−1. (1)
Remark 3.19. The set G in the previous lemma does not necessarily cover E , so this requirement
on G cannot be omitted (see Example 3.20 below).
Example 3.20. In the following example, we have a sequence of branch points (pn)n converging
along a real line to a point p such that [p]l = {p}. We define on E a linking structure such
that a distinguished geodesic from E contains exactly one branch point on the horizontal line. We
associate a color from the set { green, red } to every distinguished geodesic, in such a way that two
geodesics with a common intersection in Σ1 have two different colors. The branch point from the
horizontal line then takes the color (green or red) of the geodesic to which it belongs. This gives an
alternating sequence of colors for the points (pn). We see that there is no distinguished geodesic
that goes through p, for such a geodesic forces the branch points on a certain neighborhood of
p to be of the same color. It follows that if there exists a distinguished geodesic through p, the
linking structure is determined in a neighborhood of p.
p
Figure 11: A non-covering set G
Example 3.21. In the following example, the bands A and B are non isometric bands, as well
as A and C. We have two surfaces (X1,K1) and (X2,K2) such that the manifolds EX1 and EX2
are homeomorphic, and the homeomorphism h : EX1 → EX2 acts on the unique element σ ∈ Σ2
by fixing the two non separated points on one side and permuting those on the other side. This
homeomorphism preserves the translation structure and the two functions F1 and F2 induced by
the norm of the Killing fields. Therefore, it appears that giving only the topological manifold E
and the pair (x, F ) is not sufficient to determine the class of isometry of the surface.
A
A
B
A
B
A
C C
Figure 12: Two non-isometric surfaces
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3.3 Correspondence between maximal surfaces and étalé manifolds
In this section, we give a description of simply connected and maximal Lorentzian surfaces ad-
mitting a non-trivial Killing field. It is proved in [1, Proposition 3.1] that a Lorentzian surface
(X,K) is maximal among surfaces admitting a Killing field if and only if X is maximal in the
usual sense. It appears in the proof of this proposition that such a surface is maximal if and only
if all its maximal ribbons are inextendible.
Definition 3.22. Let E be a 1-dimensional smooth manifold with topologyT, and letA be a linking
structure on it. A function F ∈ C∞(E ,R) is said to be A-inextendible if F|γ , the restriction of F
to γ, is maximal for all γ ∈ GA.
If E is a 1-dimensional manifold with a countable base, recall that the set of branch points
of E is denoted by B, and Σ is the set of connected components of the interior of E r B (it is a
countable set). The elements of Σ are of two types: those with Hausdorff closure in E , denoted by
Σ0, and those with non-Hausdorff closure, denoted by Σ1.
Giving a simply connected maximal Lorentzian surface (X,K) with a Killing field K defines
a quadruplet (E ,A, x, F ) , where E = EX , A is defined by distinguished geodesics of EX , x ∈
C∞(EX ,R) is a local diffeomorphism induced by the transverse coordinate ofX up to translation
and change of sign, and F ∈ C∞(EX ,R) is the function induced by the norm of K. On every
distinguished geodesic of EX , x is a diffeomorphism into an interval I ofR; this induces a function
f ∈ C∞(I,R) such that F = f ◦ x. The action of the D2 dihedral group on x by translation and
change of sign induces a right action of D2 which consists in replacing f(x) by f(x + b), for
(, b) ∈ {±1} ×R, on every distinguished geodesic of EX .
An isometry φ : (X1,K1)→ (X2,K2) induces a diffeomorphism h : EX1 → EX2 such that
A1 = h oA2, x1 = x2 oh+ α, α ∈ R, andF1 = F2 oh. (2)
In the following, two quadruplets (E1,A1, x1, F1) and (E2,A2, x2, F2) are said to be equivalent if
there exists a diffeomorphism h : E1 → E2 satisfying (2).
Theorem 3.23. To give a simply connected and maximal Lorentzian surface (X,K) (up to isom-
etry), admitting a non-trivial Killing field K, is equivalent to giving a quadruplet (E ,A, x, F ) (up
to equivalence), where
1. E is a 1-dimensional smooth manifold with topology T (see Definition 3.15),
2. A is a linking structure on E ,
3. x : E → R is a smooth function defined up to translation and change of sign, which is a
local diffeomorphism, defining on E a translation structure,
4. F ∈ C∞(E ,R) is anA-inextendible function such that the closed set {F = 0} is composed
of
(a) the closure of the set of branch points of E , with simple zeros on 4-order branchings.
(b) elements of I ∈ Σ whose closure in E is Hausdorff.
Before we start the proof, we need to state the following lemma.
Lemma 3.24. Let f ∈ C∞(R,R) be a function with a unique zero at 0. Let G be a primitive
function of −1/f on ]−∞, 0[. We have lim
x→0
G(x) =∞.
Proof. We use the fact that if f is a C∞ function that vanishes at 0, then f(x)/x can be extended
to a C∞ function.
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Proof of Theorem 3.23. Ley (X,K) be a simply connected maximal Lorentzian surface with a
Killing field K; it is clear that the function induced by the norm of K satisfies condition (a), and
also (b) by maximality of X .
Conversely, let E be a 1-dimensional manifold with topology T, and x ∈ C∞(E ,R) a local
diffeomorphism, and F ∈ C∞(E ,R) a function that satisfies conditions (a) and (b). We will
show that there exists a unique Lorentzian metric on the plane -up to isometry- admitting a Killing
field such that: (i) the space of Killing orbits is homeomorphic to E and the distinguished geodesics
of the metric coincide with those defined by the linking structureA on E , (ii) the norm of the field
is given by F , (iii) and the Riemannian structure induced on E by the metric coincides with that
given by dx2.
Let F1 and F2 be the two sets of distinguished geodesics of E given by the linking structure. They
define two disjoint families of charts covering E . For all a ∈ F1 and b ∈ F2, a ∩ b = ∅ or
a ∩ b = σ ∈ Σ1.
• Define a parametrization of Σ1 by a subset A of Z so that if (α1, α2, α3, α4) is an indexing
of a cycle of 4 elements σi (i ∈ Z/4Z) of Σ1 around a 4 order branching, such that σi and
σi+1 belong to the same distinguished geodesic of E for all i ∈ Z/4Z, then we have the
relation α1 − α2 = α4 − α3. Such a parametrization exists since, by hypothesis, there are
no cycles of 4-order branchings in E .
• Every element of Σ1 is the intersection of a unique element of F1 and a unique element of
F2. There is an indexing of the geodesics inF1∪F2 by a set IqJ , where I and J are subsets
of Z, such that for all i ∈ I, j ∈ J, α ∈ A, if ai ∈ F1, bj ∈ F2 and ai ∩ bj = σα ∈ Σ1, then
i+ j = α. This defines a subset S of Z2 such that the correspondance that maps (i, j) ∈ S
to α ∈ A such that i + j = α is bijective . We obtain it in the following way: we fix
an element σα0 ∈ Σ1 and we write α0 = i0 + j0, i0 ∈ Z, j0 ∈ Z; we denote by ai0 the
geodesic of F1 containing σα0 and bj0 the geodesic of F2 containing σα0 . This determines
the indices of all distinguished geodesics; indeed, if c is a geodesic of F1 ∪ F2, there is a
finite path of distinguished geodesics c0, ..., cn such that c0 = c and cn = ai0 , satisfying
ck ∩ ck+1 6= ∅. This makes it possible to define an index for c using the relation i+ j = α
if and only if ai ∩ bj = σα. We show next that the indexing of c does not depend on the
chosen path, using the relation α1 − α2 = α4 − α3 for a 4 order cycle of simple branch
points.
Let (H,K) be a ribbon such that EH = a ∈ F1. Assuming that the Riemannian structure in-
duced by the metric coincides with that given by dx2, and that the norm of the Killing field is
given by F , then the metric on H reads g = 2dxdy + f(x)dy2, with  = ±1, K = ∂y and
F = f ◦ x. On a ribbon (V,K) corresponding to an element b ∈ F2 such that a ∩ b = σα ∈ Σ1,
we have g = −2dx′dy′ + f(x′)dy′2, with K = ∂′y. Let’s call CHα (resp. CVα ) the open square
of H (resp. V ) such that ECHα = ECVα = σα; the two squares are glued by means of the map
x′ = x, y′ = y − Gα(x), where Gα is a primitive function of −1/fα on the interval x(σα).
For all α ∈ A, σα = ai ∩ bj for a unique pair (i, j) ∈ S. For every α ∈ A, we choose a
primitive function Gα of −1/fα. Let (X0,K) be the Lorentzian surface with a Killing field K
defined as the quotient space of the surface (qHi) q(i,j)∈S (qVj), where (Hi,K) is the ribbon
x(ai) × R endowed with the metric 2dxdy + fi(x)dy2 with K = ∂y, and (Vj ,K) the ribbon
x(bj)×R with metric −2dxdy + fj(x)dy2 with K = ∂y, by the equivalence relation ∼ defined
by
p ∼ q si p = q ou (p, q) ∈ CHiα × CVjα , (i, j) ∈ S, α = i+ j ∈ A et q = φα(p),
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where φα is the reflection of CHiα defined by Gα.
Since GA covers E , the surface we obtain is the total space of a line bundle over E . It is
connected by connectivity of E , and Hausdorff by Lemma 3.24 and Proposition 5 [8].
If E is simply connected, then X0 is an acyclic surface with a countable base ([8, Proposition
3]). And it is known that the only simply connected surfaces with a countable base and without
boundary are the sphere S2 and the planeR2 (this is a classical theorem in surface theory, see for
example [6, Theorem 3.2.2]); finally X0 is homeomorphic to the R2 plane. In addition, X0 does
not contain a zero of the Killing field, and the choice of  in the definitioh of the metric determines
a choice of K or −K. If E contains branchings of order 4, the surface above such a branching is
a quasi-saddle. Let (Gα1 , Gα2 , Gα3 , Gα4) be the primitive functions fixed around a branching of
order 4; we can always modify G4 so that we can add a saddle point (see [1, Proposition 2.32]);
since there are no cycles of 4-order branchings in E , we can do this for every branching of order 4
in a coherent way. It is easy to see that the surface thus obtained is simply connected.
Finally, the fact that f is A-inextensible implies that every maximal ribbon in the surface is
inestensible, hence the surface is maximal; if f is not extensible, the topology T on the space
of leaves implies that the obtained surface still satisfies a weak property of maximality: every
half-band is contained in a type III band.
To finish the proof, we have to see that when given two equivalent quadruplets (E1, x1,A1, F1)
and (E2, x2,A2, F2), the corresponding surfaces one obtains above are isometric. Denote by h
the homeomorphism defining this equivalence, and by (X1,K1) and (X2,K2) the two Lorentzian
surfaces. On every ribbon ofX1 andX2, define local coordinates as above, by choosing on each of
them an origin for the y-coordinate. It is possible to do this globally on each surface in a coherent
way ([1, Proposition 2.32]). Fix two ribbons (U1,K1) and (U2,K2) in X1 and X2 respectively,
such that h sends the distinguished geodesic above U1 to the one above U2. The metric on U1
reads 21dx1dy + f1(x1)dy2 in local coordinates, where 1 = ±1 corresponds to a choice of an
orientation on the Killing field. The metric on U2 reads 22dx2dy + f2(x2)dy2, with 2 = ±1.
The isometry then sends (x1, y) to (x2, 12y), such that x−12 (x2) = h ◦ x−11 (x1). It is globally
well defined, and this achieves the proof.
Remark 3.25. Let E be a 1-dimensional smooth manifold with topology T, and let x ∈ C∞(E ,R)
be a local diffeomorphism. To say that a function F ∈ C∞(E ,R) is A-extendible, for some
linking structure A on E , is in general not equivalent to saying that (E , x, F ) is extendible to a
bigger manifold (E˜ , x˜, F˜ ) with E˜ having a topology T. In Example 4.49, one may define a function
F and a linking structure for which F is extendible, and another one for which F is not extendible.
Remark 3.26. Let (Euf ,K) be a universal surface. If A and A
′
are two linking structures on the
space of leaves EEuf , then there is a homeomorphism h of EEuf such that A
′
= h o A o h−1, and
which preserves the transverse coordinate as well as the norm of the Killing field. We then find the
fact that the isometry class of Euf is determined by f .
Remark 3.27. (Lorentzian surfaces with a Killing field and principal bundles)
We can see in the proof of Proposition 3.23 that to any simply connected Lorentzian surface (X,K)
admitting a non-trivial Killing field K, one can associate a principal line bundle over the space
of leaves EX . Conversely, given a manifold E of dimension 1 with a countable base and topology
T, étalé in R, together with a principal line bundle L = (L, p, E) over E , one can define exactly
two Lorentzian metrics ±g on the plane admitting a Killing field, such that the principal bundle
associated to these metrics coincide with L.
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Topological characterization of the space of leaves
Corollary 3.28. Let E be a 1-dimensional smooth manifold with topologyT, and let x ∈ C∞(E ,R)
be a local diffeomorphism. Suppose there exists a linking structure A such that A-distinguished
geodesics are complete. Then there is a smooth, simply connected and complete Lorentzian sur-
face (X,K) with EX ' E .
Proof. By Theorem 3.23 above and Theorem 4.22 in the next paragraph, it suffices to prove the
existence of a function F ∈ C∞(E ,R), with bounded transverse second derivative, such that the
set {F = 0} is as in Theorem 3.23. Let γ ∈ GA. We know that x|γ : γ → R is a diffeomorphism.
Let Sγ be the closed subset ofR composed of:
(a) x|γ(B), where B is the set of branch points of E ,
(b) x|γ(σ), ∀σ ∈ Σ0,
(c) x|γ , ∀p ∈ E rB a limit point of B.
Consider the functions φ0 and φ1 defined by:
φ0(x) =
{
0 if x ≤ 0
e−1/x if x > 0
; φ1(x) =
{
0 if x ≤ 0 or x ≥ 1
e1/x(x−1) if x ∈]0, 1[
These areC∞ functions with bounded derivatives. We writeRrSγ =
⋃
n∈N
In as the union of pair-
wise disjoint open intervals of R, with possibly one or two unbounded intervals. If In =]an, bn[
is bounded, set fn(x) = (n)e−1/λnφ1((x − an)/λn), with λn = bn − an and (n) = ±1. This
function vanishes exactly on R r In. If In =]an,+∞[ (resp. In =] −∞, an[) is unbounded, set
fn(x) = (n)φ0(x− an) (resp. φ0(an−x)). On a fixed distinguished geodesic, the branch points
belonging to a branching of order 4 are isolated. Denote by B1 = (bj)j∈Z the (countable) subset
of B corresponding to these branch points. Let pj = x(bj) ∈ x(B1 ∩ γ): pj delimits two intervals
Inj and Inj+1 . For all j ∈ Z, we assume that the functions (fn)n satisfy the following property:
if fnj ≤ 0 then fnj+1 ≥ 0. It’s easy to check that the function defined by fˆ :=
∑
n∈N fn is a C
∞
function with bounded derivatives, and that it vanishes exactly on Sγ .
Now, fix anyC∞ function φ2 with bounded derivatives, such that φ2(x) = 0 if x ∈]−∞,−1[∪{0}∪
]1,+∞[, and φ′(0) = 1. For any j ∈ Z, let Uj = B(pj , rj), rj > 0, the open ball of
center pj and radius rj , such that Uj ∩ x(B) = {pj}. Define a C∞ function hj as follows:
hj(x) = (j)e
−1/rjφ2((x − pj)/rj), with (j) = 1 if fnj ≤ 0, and (j) = −1 otherwise. The
function h :=
∑
j∈Z hj is a C
∞ function with bounded derivatives, and with a simple zero at
pj ,∀j ∈ Z. Set fγ := fˆ + h. This is a C∞ function with bounded derivatives, that vanishes
exactly on Sγ , and with simple zeros on x(B1). Let F1 be one of the two families of GA con-
taining γ, we define f by induction on each geodesic of F1 in such a way that on two geodesics
γ1 and γ2 that share a 4-order branching of E , the functions fγ1 ◦ x and fγ2 ◦ x can be glued into
a C∞ function on E . We obtain this way a function F defined on E , which is C∞ on the open
sets belonging to F1. It is easy to check that F|γ ◦ x−1 is also a C∞ function on R, ∀ γ ∈ F2,
with bounded derivatives. So F is a C∞ function on E , with bounded derivatives such that the set
{F = 0} is as in Theorem 3.23, which ends the proof.
Corollary 3.29. Let E be a 1-dimensional smooth manifold with topologyT, and let x ∈ C∞(E ,R)
be a local diffeomorphism. Suppose that the set of branch points is locally finite, and that x is un-
bounded on elements of Σ0 near infinity. Then there is a smooth, simply connected and maximal
Lorentzian surface (X,K) with EX ' E .
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Proof. LetA be any linking structure on E . Let γ ∈ F1, and let Sγ be as in the proof of Corollary
3.28 above. Here, x is a diffeomorphism between γ and an interval I ofR. If I = R, we construct
f on I as in the proof of Corollary 3.28. If I =]., a[ is bounded from one side, the hypothesis
that B is locally finite implies that Sγ∩]a − 1, a[ is finite. Furthermore, we assumed that x is
unbounded on elements of Σ0 near infinity, so we can construct f on I in such a way that it is
unbounded on ]a− 1, a[, hence maximal on I . We do this on every distinguished geodesic of F1,
so that the determined function F defined on E is smooth. The obtained function is maximal on
every element of F1. Now, if γ ∈ F2 with bounded interval x(γ), since B is locally finite, the
geodesic γ contains finitely many components of Σ; it follows that f is unbouded on x(γ), hence
maximal. The function F we obtain is C∞ and maximal on every distinguished geodesic of E ,
and it defines by Theorem 3.23 a smooth, simply connected and maximal Lorentzian surface.
Corollary 3.30. Let E be a 1-dimensional smooth manifold with topology T. Suppose that the
set of branch points is locally finite. Then there is a smooth, simply connected and complete
Lorentzian surface (X,K) with EX ' E .
Proof. Let A be any linking structure on E . By definition of the T topology, there exists a smooth
function x : E → R which is a local diffeomorphism. Define λ := minσ∈Σ |σ|, where |σ| is the
length of σ. Since the set B is locally finite, λ > 0. We consider the new function x1 := 1/λ x,
which is a local diffeomorphism from E to R such that the length of σ for this new function is
bigger than 1, for all σ ∈ Σ. Now, again using the fact that B is locally finite, we can modify
x1 on each A-distinguished geodesic so that the elements of Σ near infinity will be of infinite
length. We get a local diffeomorphism x∞1 ∈ C∞(E ,R) such that all A-distinguished geodesics
are complete. Corollary 3.28 ensures the existence of a smooth, simply connected and complete
Lorentzian surface (X,K) such that EX ' E .
4 Completeness of Lorentzian surfaces with a Killing field
4.1 Critical Clairaut constant associated to a semi-ribbon
In what follows, we denote byRf = (R,K) the surface (R = I×R, 2dxdy+f(x)dy2), (x, y) ∈
R, with a Killing field K = ∂y. It is called the "ribbon associated to f".
Let (X,K) be a Lorentzian surface with a non-trivial Killing field K. We assume that it is
null complete. Recall that the set of connected components of the interior of EX rB, where B is
the set of branch points of EX , is denoted by Σ.
A maximal geodesic γ may have two different behaviors: either it leaves any maximal ribbon
contained in X , or it remains in a maximal ribbon provided t goes close enough to the limit. We
denote by t+∞ ∈ R ∪ {∞} the upper bound of the domain of γ. In the second case, we shall
consider two behaviors again; one may assume that γ is defined and contained in the ribbon for
t ∈ [0, t+∞[, by translating the geodesic parameter if necessary. Set I+ := {x(γ(t)), t ∈ [0, t+∞[};
either I is bounded, in which case the geodesic remains in a band for t ≥ 0, or I is unbounded.
Denote by T the unit vector field tangent to γ, and N the vector field along γ orthogonal to T ,
such that the basis (T,N) is positively oriented. Set
K = CT + βN.
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Then C = 〈T,K〉 is a constant called the Clairaut constant (see [2], p. 3), and β = −〈K,N〉 is
a solution of the Jacobi equation. Notice that if K(p), p ∈ γ, is not degenerate, β(p) = 0 if and
only if γ is tangent to K at p.
Lemma 4.1. ([13, Lemma 2.12]). Let γ be a non-null semi-geodesic that remains in a band for t
close enough to t+∞, with bounded interval I+. Then:
• either γ is invariant by some element of the flow; in particular, γ is entirely contained in
that band;
• or it asymptotically approaches a critical orbit of K. If γ is not orthogonal to K, this orbit
is either timelike or spacelike, depending on the type of γ; otherwise, it is a null orbit of K.
A critical orbit of K is an orbit corresponding to a critical point of the function 〈K,K〉 (these
orbits are geodesics).
Proposition 4.2. ([13, Proposition 2.14]). A non-null semi-geodesic γ that lies in a band after a
certain while with bounded I+ is complete.
Now completeness reduces to non-null geodesics that a) either remain in a maximal ribbon as
t goes to t+∞ with unbounded I+, or b) leaves any maximal ribbon.
Lemma 4.3. ([13, Lemma 2.15]). Let γ be a non-null geodesic not perpendicular to K. Assume
γ cuts a null orbit of K, denoted by l. Then
(i) γ does not cross a type II band containing l;
(ii) if β does not vanish, γ lies in the maximal ribbon containing l;
(iii) if γ is tangent to K in the band containing l, then γ leaves the maximal ribbon containing l.
In what follows, we may suppose that x
′
> 0 on a geodesic γ transverse to K, by changing K
to −K in the local chart, if necessary.
Corollary 4.4. 1) If γ remains in a maximal ribbon Rf with unbounded I+, then
• either C2 > sup
x∈I+
f(x),
• or C2 = sup
x∈I+
f(x) and m := sup
x∈I+
f(x) is not a critical point of f on I+.
2) If γ cuts a null orbit l of K, of coordinate x0, contained in a maximal ribbon Rf , and if
C2 > sup
x≥x0
f(x), then γ remains in Rf with unbounded I+.
Before proving the corollary, note that 2) is a partial converse of 1): the property in the fol-
lowing remark also holds; it follows from [13, Corollary 4.7].
Remark 4.5. If γ cuts a null orbit of K, of coordinate x0, contained in a maximal ribbon Rf ,
and if C2 = sup
x≥x0
f(x) and m := sup
x≥x0
f(x) is not a critical value of f for x ≥ x0, then I+ is
unbounded.
Proof of Corollary 4.4. 1) It follows from assertion (iii) of Lemma 4.3 that if γ remains in a max-
imal ribbon Rf after a certain while, then C2 > f(x), for all x ∈ I+. Hence C2 ≥ sup
x∈I+
f(x).
Now, ifm := sup
x∈I+
f(x) <∞ is a critical value of f on I+, we claim that a geodesic γC with
C2 = m cannot cross this critical orbit transversally, for otherwise the formula C2 − β2 = f
applied at a point that belongs to the orbit yields m− β20 = m, with β20 > 0, which is impossible.
It follows that γ does not cross the whole ribbon. We conclude that if I+ is unbounded and if
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C2 = sup
x∈I+
f(x), then m is not a critical value of f on I+.
2) The assumption C2 > sup
x≥x0
f(x) implies, using (ii) Lemma 4.3, that γ lies in the maximal
ribbon containing l, after a certain while. Suppose, contrary to our claim, that I+ is bounded;
Lemma 4.1 implies that γ asymptotically approaches a leaf of K, on which the norm of K is C2,
a contradiction.
The following lemma characterizes completeness for geodesics contained in a maximal ribbon
for t large enough, with unbounded interval I+ = x(γ(t)t≥0). Note that if a timelike geodesic
(resp. spacelike) remains in a ribbon Rf with unbounded I+, then f is necessarily bounded below
(resp. above) on R+, for otherwise any geodesic of the ribbon would eventually leave the ribbon
or asymptotically approach a leaf of K (this is a consequence of Corollary 4.4, 1).
Lemma 4.6 (Semi-ribbon completeness criterion). Let (X,K) be a simply connected null com-
plete Lorentzian surface admitting a Killing field K. Let Rf be a maximal ribbon in X . Then,
every geodesic contained in the semi-ribbon Rf|R+ with unbounded interval I
+ is complete if and
only if for all  ∈ {±1} such that supR+ f < +∞,
• there exists M > 0 such that µ({−f ≤M} ∩R+) =∞ (µ is the Lebesgue measure).
or
• for all M > 0, µ({−f ≤M} ∩R+) < +∞, and
∃α > 0,
∫
{−f≥α}∩R+
dx√−f(x) =∞. (3)
In particular, if f is bounded, these geodesics are complete.
In the sequel, the condition in Lemma 4.6 will be referred to as the (SRC) condition.
Proof. We start with the following observation:
Observation: if a geodesic γC0 which remains in the semi-ribbon is complete, then any geodesic
γC of the semi-ribbon such that |C| ≤ |C0|, is complete too. This follows from the fact that the
time spent in the semi-ribbon is a decreasing function of C.
Fix γ a geodesic contained in Rf for x ≥ x0, x0 ∈ R. The geodesic is complete if and only
if the integral t+∞ =
∫∞
x0
dx√
C2−f(x) , where C is the Clairaut constant of γ, diverges. The first part
of the Lemma follows from the following inequality∫
{−f≤M}∩{x≥x0}
dx√
C2 − f(x) ≥
µ{{−f ≤M} ∩ {x ≥ x0}}√
C2 +M
.
Assume now that for all M > 0, µ({−f ≤M} ∩R+) < +∞. (*)
Since γ is contained inRf for x ≥ x0, Corollary 4.4 yieldsC2 ≥ sup
x≥x0
f(x). IfC2 > sup
x≥x0
f(x),
then C2 ≥ sup
x≥x0
f(x) + η, where η > 0, and the inequality
∫
{−f≤C2}∩{x≥x0}
dx√
C2 − f(x) ≤
µ{{−f ≤ C2} ∩ {x ≥ x0}}√
η
implies the convergence of the integral on the left. Therefore,
∫ +∞
x0
dx√
C2−f(x) diverges if and
only if
∫
{−f≥C2}∩{x≥x0}
dx√
C2−f(x) does too. Now write∫
{−f≥C2}∩R+
dx√
2
√−f(x) ≤
∫
{−f≥C2}∩R+
dx√
C2 − f(x) ≤
∫
{−f≥C2}∩R+
dx√−f(x) .
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These inequalities show that γ is complete if and only if
∫
{−f≥C2}∩R+
dx√
−f(x) = ∞, which is
equivalent to the condition of the Lemma when (*) is satisfied.
Finally, if for all M > 0, µ({−f ≤ M} ∩R+) < +∞, and if the condition (3) is satisfied,
then for all x0 ∈ R, the geodesics such thatC2 > sup
x≥x0
f(x) are complete, and their completeness
leads also to that of geodesics such as C2 = sup
x≥x0
f(x), using the above observation. Hence we
obtain the completeness of all the geodesics that remain in the semi-ribbon. Assume now that
condition (3) is not satisfied; for all x0 ∈ R and C2 > sup
x≥x0
f(x), there is a geodesic γ remaining
in the semi-ribbon with unbounded interval I+, and whose Clairaut constant is C (see Corollary
4.4, 2), and we have shown that such a geodesic is then incomplete. This ends the proof.
Corollary 4.7 (Completeness of a null complete saddle). Let (S,K) be a null complete saddle
defined by giving a branching of order 4, together with 4 functions fi, i ∈ Z/4Z, defined on
(σi)i∈Z/4Z de Σ, such that fi and fi+1 have the same germ at the point bi = σ¯i ∩ σ¯i+1. Then S is
complete if and only if for all i ∈ Z/4Z, fi satisfies the (SRC) condition of Lemma 4.6.
Corollary 4.8 (Completeness of universal extensions). Let X = Euf (in particular, analytic
surfaces), and assumeX is null complete, i.e. f is defined overR. ThenX is complete if and only
if Rf|R+ and Rf|R− satisfy the (SRC) condition in Lemma 4.6.
Proof. If γ is a geodesic in the universal extension which leaves any maximal ribbon, then γ is
invariant by an isometry of the universal extension, acting on γ by a translation of the geodesic
parameter (see [13, Lemma 4.8]), proving that γ is complete. It is called an "invariant" or "periodic
geodesic" in [13]. Now, for geodesics remaining in a maximal semi-ribbon with unbounded I+,
the geodesic completeness is equivalent to the (SRC) condition, which ends the proof.
Corollary 4.9. The extension Euf associated to a Lorentzian torus (T,K) is complete.
Definition 4.10 (Critical Clairaut constant). According to the observation in the proof of Lemma
4.6, we can define,
C∗ := inf{|C|; there exists a geodesic γC with Clairaut constant C, contained in Rf|R+ with
unbounded I+, such that γC is incomplete}.
Remark 4.11. 1) The critical Clairant constant depends on K (on the norm of it).
2) One can also define C∗ , for  ∈ {±1}, by considering only -type geodesics in the Definition
4.10 above.
3) The (SRC) condition in Lemma 4.6 is equivalent to C∗ = +∞.
Proposition 4.12. Let (X,K) be a simply connected null complete Lorentzian surface admitting a
Killing fieldK. LetRf be a maximal ribbon inX , andC∗ the critical Clairaut constant associated
to the semi-ribbon Rf|R+ . Then
1. if C∗ = +∞, then all geodesics remaining in the semi-ribbon with unbounded I+ are
complete,
2. ifC∗ < +∞, thenC∗ = C∗ < +∞ for some  ∈ {±1}, withC∗ = inf
x0∈R+
max{ sup
x≥x0
f, 0},
and C∗− = +∞. In this case, all -type geodesics remaining in the semi-ribbon with
Clairaut constant |C| > C∗ are incomplete.
Proof. This comes from the proof of Lemma 4.6 and Remark 4.11, 3), above.
23
Remark 4.13. 1) When C∗ = C∗ < +∞, then -type geodesics with Clairaut constant C = C∗ ,
remaining in the semi-ribbon with unbounded I+, could be complete or incomplete (see Remark
4.14 below).
2) If C∗ < +∞ and if the semi-ribbon has an infinite band, i.e. f|R+ has constant sign η ∈ {±1}
at infinity, then C∗ = C∗−η = 0.
Remark 4.14. For a null complete saddle, it follows from Proposition 4.12 above that either the
saddle is complete, or -type geodesics, for some  ∈ {±1}, not orthogonal toK and remaining in
some semi-ribbon are all incomplete, i.e. C∗ = 0 for this semi-ribbon. In Paragraph 4.6 we have
an example of an incomplete saddle with incomplete orthogonal geodesics (see Example 4.44),
and an example of an incomplete saddle in which spacelike and timelike geodesics orthogonal to
K are complete and the others are incomplete (see Example 4.46).
4.2 Small surfaces
Definition 4.15 (Small surfaces). We call "a small surface" any maximal and simply connected
Lorentzian surface, with a Killing field, containing a finite number of ribbons.
Proposition 4.16. Let E be a 1-dimensional manifold with topology T. There is a small surface
(X,K) such that EX ' E if and only if B is finite.
Proof. Consider (X,K) a small surface. Since X has a finite number of ribbons, then it has
necessarily a finite number of (null or non-null) bands. Indeed, if R is a ribbon with infinitely
many non-null bands, then any maximal surface containing R has infinitely many ribbons. So
any ribbon in X has a finite number of non-null bands, hence a finite number of null bands as
well. This implies that EX has a finite number of branch points. The converse is a consequence of
Corollary 3.30.
Let E be a 1-dimensional manifold with topology T. When E = EX , we defined a null
component of EX to be the space of leaves of a null band in X (Definition 3.3). They have
Hausdorff closure, and when X is maximal, they are the only elements of Σ with Hausdorff
closure.
Definition 4.17. 1) A Y-manifold is a 1-dimensional manifold homeomorphic to a simple branch-
ing line, i.e. to the quotient space of two copies of the real line R × {a} and R × {b} with the
equivalence relation (x, a) ∼ (x, b) if x < 0.
2) A generalized Y-manifold is a 1-dimensional manifold homeomorphic to the quotient space of
a finite number of copies of the real line R × {a1},...,R × {an} with the equivalence relation
(x, ai) ∼ (x, ai+1) if (−1)i+1x < 0.
3) A 4-order branching line is a 1-dimensional manifold homeomorphic to the quotient space of 4
real lines R × {ai}, i ∈ Z/4Z, with the equivalence relation (x, ai) ∼ (x, ai+1) if (−1)i+1x <
0,∀i ∈ Z/4Z.
Figure 13: a Y-piece; a generalized Y-piece; a 4-order branching line
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Notation: The family of 1-dimensional manifolds homeomorphic to a generalizedY-manifold
or to a 4-order branching line will be denoted by F.
Definition 4.18. Let F, F ′ ∈ F; we say that two elements σ ∈ Σ, σ′ ∈ Σ′ are of the same type if
σ ∈ Σ1 and σ′ ∈ Σ′1 or σ ∈ Σ0 and σ′ ∈ Σ′0.
Let E be a 1-dimensional manifold with topology T. An open subset of E is called a general-
ized Y-piece of E if it is homeomorphic to a generalized Y-manifold and is maximal in E for this
property. A generalized Y-piece of E is then the union of a finite chain of simple branchings and
the elements σ, σ′ ∈ Σ, such that p ∈ σ¯ and p′ ∈ σ¯′, where p (resp. p′) is the left-boundary (resp.
right-boundary) of the chain, and σ¯ and σ¯′ are Hausdorff. Similarly, the 4-order branchings of E
as defined in Definition 3.2 are the maximal 4-order branching lines contained in E .
Proposition 4.19 (Decomposition of small surfaces). Let (X,K) be a small surface, then EX is
the gluing of a finite number of generalized Y-pieces and 4-order branchings of E along elements
of Σ of the same type. Conversely, let E be a 1-dimensional manifold obtained as a finite gluing of
generalized Y-manifolds and 4-order branching lines in such a way that:
i) any two F, F ′ ∈ F are glued along σ ∈ Σ and σ′ ∈ Σ′ of the same type;
ii) G(E) is a tree.
If E has only simple branch points, then it is the space of leaves of a small surface.
Proof. The manifold EX has a finite number of branch points, so G(E) has a finite number of
vertices {s1, .., sn}. For all i ∈ {1, .., n}, any simple branching with branch points in the class
si is contained by Proposition 3.7 and Fact 3.8 in (the same) cycle of simple branchings, or in a
finite chain of simple branchings; since X is maximal, if p is in the boundary of this chain, then p
is the boundary of a null component. This means that branch points in the class si are contained
in a 4-order branching or in a generalized Y-piece of EX . This gives a finite number n + 1 of
generalized Y-pieces and 4-order branchings in EX glued along elements of Σ of the same type.
To do the converse, note that EX , whereX is maximal, satisfies the property (P). In consequence,
if E is a finite gluing of generalized Y-manifolds and 4-order branching lines such that E = EX ,
where X is a small surface, then E satisfies condition i) (and ii)) of the proposition. Now, such a
construction gives a 1-dimensional manifold with topology T, which has a finite number of branch
points, so it is the space of leaves of a small surface.
Corollary 4.20 (Completeness of small surfaces). Let (X,K) be a small surface. Then X is
complete if and only if all the ribbons contained in X satisfy the (SRC) condition. In particular,
small surfaces with bounded function F are complete.
4.3 Completeness results with controlled geometry
Let (X,K) be a Lorentzian surface with a non-trivial Killing field K. Recall that the set of
connected components of the interior of EX r B, where B is the set of branch points of EX , is
denoted by Σ.
Definition 4.21. Let (X,K) be a Lorentzian surface with a non-trivial Killing field K. Let F ∈
C∞(EX ,R). The transverse derivative of F at p ∈ EX is the derivative of the function f ∈
C∞(I,R) at x(p), where F|γ = f ◦ x and I = x(γ), and γ is some distinguished geodesic
through p.
Theorem 4.22. Let (X,K) be a simply connected Lorentzian surface with Killing fieldK. Assume
X has bounded curvature. Then X is complete if and only if it is null complete.
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Corollary 4.23. A Lorentzian surface with bounded curvature whose group of isometries is of
dimension 1 is complete if and only if it is null complete.
Let (σi)i∈I be a sequence of pairewise distinct elements of Σ; such a sequence is called "nor-
mal" if
- the σi’s are contained in branchings of EX of order 4,
- for all i ∈ I , σi and σi+1 belong to the same 4 order branching, and are not adjacent in it, they
are then opposite to each other,
- (σi)i∈I is maximal.
Every non-null maximal geodesic orthogonal to K defines a normal sequence in Σ; and con-
versely, to each such a sequence, one can associate a unique (up to the action of the flow) non-null
maximal geodesic orthogonal to K.
Theorem 4.24. Let (X,K) be a simply connected Lorentzian surface with Killing fieldK. Assume
that F has bounded transverse derivative. If X is null complete, then geodesics not orthogonal
to K are complete. Therefore X is complete if and only if it is null complete and the geodesics
orthogonal to the Killing field are complete. The last condition reads: for any normal sequence
(σi)i∈I of Σ, we have ∑
i
∫
σi
dx√|fi(x)| =∞. (4)
In Example 4.47, we obtain a null complete saddle with bounded transverse derivative of
F , and incomplete orthogonal geodesics joining two points. This shows that the condition (4)
in Theorem 4.24 above is not empty. Moreover, Example 4.46 of an incomplete saddle with
complete null geodesics and complete orthogonal geodesics shows that the condition on F is not
superfluous.
Corollary 4.25. Let (X,K) be a simply connected null complete Lorentzian surface with Killing
fieldK. Assume that F has bounded transverse derivative and that EX is complete (for the uniform
structure on it), then X is complete.
Remark 4.26. Actually, the condition on the space of leaves in Corollary 4.25 can be weakened
into:
∑
i |σi| = +∞ for every normal sequence (σi)i in Σ.
We can now prove theorems 4.22 and 4.24.
Proof of Theorem 4.22. Assume that X is null complete and has bounded curvature, say by a
constant N > 0; we show that X is complete. We first prove that geodesics that remain in a
maximal ribbon are complete. Fix a maximal ribbon Rf and a geodesic γ of type  lying in the
ribbon with unbounded I+. The null completeness of the surface implies that f is defined over
R. Set g(x) := C2 − f(x); the hypothesis on curvature implies that g′′ is bounded, hence for all
x ∈ I+,
|g(x)| ≤ A(1 + x2), (5)
where A > 0 is a constant that depends on the constant N and on the ribbon. This yields∫
I+
dx√
g(x)
≥ 1√
A
∫
I+
dx√
1 + x2
=∞,
hence γ is complete.
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Assume now that γ leaves any maximal ribbon. Denote by ∆xi the piece of EX delimited by
two consecutive zeros of β, on which γ is thus contained in a maximal ribbon Rfi , and denote by
|∆xi | its length. We apply the argument on curvature again to get
|g(x)| ≤ N · |∆xi |2, ∀x ∈ ∆xi , (6)
where N > 0 is the constant defined above. Therefore, the time γ takes to cross every piece is
bounded below by a constant 1/
√
N independent of the given piece. Since γ croses infinitely
many such pieces of EX , the completeness follows.
Proof of Theorem 4.24. Here we suppose that the transverse derivative of F is bounded by a
constant N > 0. Let γ be a geodesic contained in a ribbon Rf after a certain while. We have
|C2 − f(x)| ≤ A′(1 + |x|), (7)
whereA′ is a constant that depends on the constantN and on the ribbon. Hence
∫
I+
dx√
C2−f(x) ≥
1√
A′
∫
I+
dx√
1+|x| =∞, which proves that γ is complete.
Assume now that γ leaves any maximal ribbon. Denote by ∆xi the piece of EX delimited by
two consecutive zeros of β, on which γ delimits a ribbonRfi , with fi defined over an interval Ji of
length |∆xi |, and ti the time γ takes to cross every such piece. On each ribbon Rfi , the hypothesis
on the derivative of f gives |C2 − fi(x)| ≤ N · |∆xi |; this yields in each ribbon
ti =
∫
∆xi
dx√
C2 − f(x) ≥
√|∆xi |√
N
. (8)
Suppose that γ is incomplete; it follows from (8) that the series
∑
i
√
|∆xi | converges. In what
follows, we show that γ is necessarily a geodesic orthogonal to K. Set d :=
∑
i
ti < ∞. Define
fˆi(t) := fi o x(t) and gˆi(t) := C2 − fi o x (t), t ∈ Ji. We have |fˆ ′i (t)| = |f
′
i (x) · x
′
(t)| =
|f ′i (x)|
√
C2 − fi(x(t)). By assumption, f ′ is bounded as well as
∑
i
√
|∆xi |, this implies that
fˆ
′
i is bounded on each Ii by a constant N
′ > 0 independent of i. Now let (di)i be a sequence
converging to d, such that for all i, di ∈ Ji. Let (yi)i be a sequence of zeros of fˆi converg-
ing to d, such that for all i, yi ∈ Ji, and let (zi)i be a sequence of zeros of β (hence of gˆi)
such that for all i, zi ∈ Ji. In one hand |fˆi(di) − fˆi(yi)| ≤ N ′ (di − yi), in the other hand
|gˆi(di) − gˆi(zi)| ≤ N ′ (di − zi). Since (di − yi)i and (di − zi)i tend to 0, the sequence (fi o
x(di)) tends to 0 and C2, which forces C = 0.
It follows that X is complete if and only if the geodesics orthogonal to K are complete. A
geodesic orthogonal to K that leaves every maximal ribbon leaves every ribbon through a saddle
point, so that the pieces ∆xi it crosses define what we called in Theorem 4.24 a normal sequence
of elements of Σ, and the completeness reads as in (4).
Proof of Corollary 4.23. This corollary is an immediate consequence of Theorem 4.22.
Proof of Corollary 4.25. Using Theorem 4.24, all we need to check is the completeness of or-
thogonal geodesics. Every non-null geodesic orthogonal to K defines a normal sequence (σi)i in
Σ. It appears from the proof of Theorem 4.24 that if
∑
i |σi| = +∞ (which is ensured here by the
completeness of EX ), then the series defined in (4) diverges, so that the geodesic is complete.
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4.4 Completeness results with topological conditions on the space of leaves
Null completeness is equivalent to the completeness of the distinguished geodesics of the space
of leaves regarded as a Riemannian manifold. With sufficiently general conditions on this space,
we define a large class of surfaces where geodesic completeness is characterized. It will appear
in particular that the non-compact case contains many examples of complete surfaces. In order
to write these conditions, we introduce in the following some definitions and vocabulary on the
space of leaves.
Let E be a 1-dimensional Riemannian manifold, with topologyT. The first following definition
(due to Spivak [17], p. 23) applies to any locally compact topological space, and the second one
to any Riemannian manifold.
Definition 4.27. (Topological end). A topological end of E is an application e which associates
to each compact (not necessarily Hausdorff) subset K ⊂ E a connected component of X rK in
such a way that ∀K1 ⊂ K2 : e(K2) ⊂ e(K1).
Definition 4.28. (Geometric end). A geometric end of E is an end defined by a geodesic ray (a
smooth maximal semi-geodesic) of E , i.e. if e is the application that defines this end, then e(K)
contains the end of the geodesic ray for any compact subset K of E .
Figure 14: Example (G): All ends of (G) are geometric ends
Definition of ends in terms of piecewise maximal semi-geodesics
Definition 4.29. Let E be a 1-dimensional manifold, with topology T. A ray in E is a (continuous)
piecewise smooth maximal semi-geodesic in E in which any point of B appears at most once.
Two rays are equivalent if their intersection is not contained in any compact subset of E .
Remark 4.30. Since a compact subset of E contains finitely many Y-pieces, any ray of E has
finitely many cusps in a compact subset; therefore, a ray leaves any compact subset of E , and
defines an end of this space: to each compact subset K of E , (K) is the connected component of
E rK containing the end of the ray.
Fact 4.31. Let E be a 1-dimensional Riemannian manifold with topology T. Since G(E) is a tree,
if a point is chosen in E , then each end of E contains a unique ray (up to equivalence) starting
from this point; therefore, the ends may be placed in one to one correspondance with these rays.
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Figure 15: Infinite grid of 4-order branchings: it has only one end, which is a geometric end
defined by infinitely many non-equivalent rays
In the figure above, we see that the Fact 4.31 does not hold. Here, G(E) is not a tree.
Definition 4.32. Let E be a 1-dimensional manifold, with topology T.
1) A chain in E is a semi-maximal path of 4-order branchings of E .
2) A normal chain is a maximal path of 4-order branchings, such that the elements of Σ interior
to the path define a normal sequence of elements of Σ.
We denote byN∞ a semi-finite normal chain of E , and byN2 a normal chain of cardinal number 2.
Figure 16: An N2-piece
Figure 17: An N∞-piece
Figure 18: A non-geometric end containing infinitely many N2-pieces
Remark 4.33. 1) A ray crossing an infinite cycle of E does not define a geometric end. An end
given by an infinite cycle of branchings will be denoted by C∞. So if E has only geometric ends,
it cannot contain a C∞-piece.
2) A geometric end containing an infinite chain contains necessarily a semi-infinite chain that has
only N2-pieces, as in the Example (G) of Figure 14.
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Figure 19: A C∞-piece
Definition 4.34. (Special end). Let E be a 1-dimensional Riemannian manifold with topology T.
A special end of E is either a geometric end, or a non-geometric end containing only finite order
branchings, and which is neither N∞ nor a chain with infinitely many N2-pieaces.
The end represented in Figure 17 is not a special end.
Proposition 4.35. Let E be a 1-dimensional Riemannian manifold with topology T. Suppose that
E satisfies the following condition
(SE): "all ends of EX are special ends",
then for any Lorentzian surface X such that EX ' E , the geodesics of X remain in a ribbon after
a certain while.
Proof. Suppose there is a geodesic γ in X that leaves infinitely many ribbons; its projection on
EX , that we denote by γˆ, is a ray with infinitely many cusps that leaves any compact subset of
EX , defining this way and end of EX . We claim that this end is a non-geometric end. To see
this, suppose there is a geodesic ray r that defines this end. Define N(r) to be the sequence of
elements of Σ -taken in an increasing order- defined by r. Fact 4.31 above implies that N(r)
and N(γˆ) admit a common subsequence. Furthermore, since G(EX) is a tree and r is a smooth
semi-geodesic, we can say that N(r) is a subsequence of N(γˆ), and the two sequences only differ
along a 4-order branching, with γˆ having two cusps on it. Since the ray γˆ comes from a geodesic
of X , this behavior is impossible, which proves our claim. Now, since all ends of EX are special
ends, it follows that this end only contains 4-order branchings, so this geodesic defines a chain in
EX . If the geodesic lies in every maximal ribbon at most on 3 bands (outside some compact subset
of X), then it defines an N∞-piece in EX . Otherwise, using the fact that the norm of K changes
sign on two consecutive bands, we see that each time the geodesic crosses a maximal ribbon in
more than 3 bands, it defines N2-pieces in the chain; so when it crosses infinitely many of them,
the chain it defines contains infinitely many N2-pieces. Both cases are excluded by the "special
end" condition (SE), which ends the proof.
Remark 4.36. The 1-dimensional Riemannian manifolds with topology T containing only geo-
metric ends are special cases of manifolds involved in Proposition 4.35. For example, a finite
gluing of (G) manifolds gives many examples of them.
Theorem 4.37. Let (X,K) be a simply connected null-complete Lorentzian surface with a Killing
fieldK. Suppose that EX satisfies the condition (SE) in Theorem 4.35 above. ThenX is complete
if and only if all the ribbons of X satisfy the (SRC) condition of Lemma 4.6.
Proof. According to Proposition 4.35, any geodesic ofX remains in a ribbon after a certain while,
hence X is complete if and only if all the ribbons in X satisfy the (SRC) condition, by Lemma
4.6.
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Corollary 4.38. Let (X,K) be a simply connected null-complete Lorentzian surface with a Killing
field K. Suppose that
• EX satisfies the condition (SE) in Theorem 4.35 above,
• the norm of K is bounded.
Then X is complete.
Proof. Since X is null complete and the norm K is bounded, the ribbons in X satisfy the (SRC)
condition (see the last conclusion of Lemma 4.6). We conclude using Theorem 4.37 above.
4.5 Completeness results with mixed topological and geometrical conditions
Definition of finite-size ends in terms of non-convergent Cauchy sequences. Let E a 1-
dimensional Riemannian manifold with topology T. The Riemannian structure on this space
defines a uniform structure on it; we denote by δ the induced pseudometric on E . In the fol-
lowing, we say that (E , δ) is complete if any Cauchy sequence on this space converges (for the
induced uniform structure).
The relation pR˜q if δ(p, q) = 0 is an equivalence relation on the set B of branch points; in what
follows, the class of a branch point of E is considered with respect to this relation.
Definition 4.39 (Finite-size end). Let E a 1-dimensional Riemannian manifold with topology T.
And end of E is said to be of finite size if there is a ray in the equivalence class of rays defining
this end (see Definition 4.29 and Fact 4.31), which is of finite length.
Lemma 4.40. Let E a 1-dimensional Riemannian manifold with topology T.
1) A non-convergent injective Cauchy sequence in E defines an end in this space.
2) If E has an end of finite size different from C∞, then there is a non-convergent Cauchy sequence
in E .
Proof. 1) Denote by T1 the topology of E , and by T2 the topology induced by the pseudometric
δ. Since the latter is continuous with respect to the T1 topology, then any compact set for the T1
topology is compact for the T2 topology. Let (pn)n be a non-convergent injective Cauchy sequence
in E . If (bn)n is contained in a T1-compact set V then it converges, for V is also T2-compact, a
contradiction. Consequently, this sequence leaves any T1-compact set in E . Now, we have to see
that for any T1-compact set K, this sequence gives a well defined connected component of ErK.
First, observe that since (bn)n does not admit a limit point, for any branch point z belonging to
a C∞-piece in E , there exists r > 0 such that bn is contained in E r O for all n ∈ N, where
O = B(z, r) is the open ball of center z and radius r > 0.
Suppose now that there are two subsequences (bφ(n))n and (bψ(n))n , such that bφ(n) ∈ E1 and
bψ(n) ∈ E2, ∀n ∈ N, where E1 and E2 are two different connected components of E rK. Since
K is compact, it contains finitely many cusps, hence finitely many branch points z1, ..., zm from
C∞-pieces. For all i = 1..m, there exists ri > 0, such that the ball B(zi, ri) does not contain
bn for all n ∈ N. Consider the set K ′ := K ∪
⋃
i=1..mB(zi, ri/2). We know that for n large
enough, bn is not in K ′, so there exist two connected components E′1 and E′2 of E rK ′ such that
E′1 ⊂ E1 and E′2 ⊂ E2, containing (bφ(n))n and (bψ(n))n respectively. Let p : E → G(E) be the
natural projection. The sets p(E′1) and p(E′2) are disjoint by construction, so a ray connecting any
two points from these two sets intersects p(K ′). Consider the (unique) geodesic ray in the real
tree G(E), joining p(bφ(n)) and p(bψ(n)); it intersects p(K ′) in some point an. We have
d(bφ(n), bψ(n)) = d(bφ(n), an) + d(bψ(n), an)
≥ d(bφ(n),K ′) + d(bψ(n),K ′).
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Since p(K) is compact, there exist N,N ′ ∈ N such that 1 := d((bφ(n))n≥N , p(K)) > 0 and
2 := d((bψ(n))n≥N′ , p(K)) > 0. In consequence, d(bφ(n), bψ(n)) ≥  > 0, ∀n ≥ sup(N,N ′),
with  := inf{ min
i=1..m
ri/2; 1; 2}.
2) Consider a finite-size end in E which is not a C∞-piece, and fix a ray r that defines this
end. If r has finitely many cusps, then the end of it is diffeomorphic to an open and bounded
interval I of R, so it is does contain a non-convergent Cauchy sequence. If r has infinitely many
cusps, it’s clear that the sequence of branch points (bn)n contained in r gives an injective Cauchy
sequence in E . We claim that this sequence does not converge. To prove this, suppose contrary to
our claim that there exists b∞ ∈ E such that (bn)n converges to b∞. The sequence (p(bn))n, the
projection of (bn)n in G(E), does not contain any constant subsequence, for otherwise r defines an
infinite cycle, contrary to our assumption. It follows that (p(bn))n does not contain any constant
subsequence, hence the minimal ray contained in p(r) is a smooth geodesic in G(E) that converges
to p(b∞). Consequently, this geodesic can be extended beyond this point; lifting this geodesic to
a continuous path in E gives a ray that extends r, which is excluded since r is maximal.
Theorem 4.41. Let (X,K) be a simply connected and null complete Lorentzian surface with
Killing field K. Assume that F is bounded, and that EX is complete and contains no infinite cycle.
Then X is complete.
Proof. Geodesics remaining in a maximal ribbon after a certain while are complete by Lemma 4.6.
Let γ be a geodesic that leaves any maximal ribbon. Denote by (∆i)i the sequence of elements of
Σ crossed by γ. If
∑
i |∆i| < +∞, then γ defines an end of EX of finite size different from C∞,
hence gives rise to a non convergent Cauchy sequence in EX by the previous lemma, contrary to
our assumption. It follows that
∑
i |∆i| is infinite, and since F is bounded, one can write
ti =
∫
∆i
dx√
C2 − f(x) ≥
|∆i|√
N + C2
, (9)
where N is an upper bound on |F |, proving that the geodesic is complete.
Remark 4.42. In the previous theorem, the hypothesis on the absence of infinite cycles can be
weakened by assuming instead that F is bounded outside of the infinite cycles, and that for any
C∞-piece C in EX :
• F is bounded on the geometric ends of C,
• if F has constant sign on the non-geometric end of C, then F is not bounded on C.
In this case, a geodesic contained in some C∞-piece after a certain while remains necessarily in
a maximal ribbon.
In Example 4.50, we obtain a simply connected and null complete Lorentzian surface (X,K)
with a Killing field K, where EX is complete and the norm of K is bounded, but X is incomplete.
In this example, EX contains an infinite cycle, and the incompleteness of X comes from those
geodesics that cross the infinite cycle.
4.6 Examples and non-examples
In this section, we illustrate various completeness behaviours for the geodesics of a null complete
surface (even on the same surface), which may appear when omitting certain conditions in the
completeness results of Section 4. This illustrates the complexity of the question. All the surfaces
obtained in this section are L-complete, hence maximal.
We call an "infinite branch" of E an element of Σ near infinity.
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A symmetric saddle is obtained in [1], Proposition 2.29, as the extension of a domino (whose
unique null orbit of K is incomplete) by a simply connected surface containing a unique zero
of K, whose metric is symmetric with respect to p. This extension is unique up to isometry
([1, Proposition 2.37]). This extends the null orbits of K which are geodesically incomplete into
complete geodesics.
Example 4.43 (A complete saddle).
An easy example of a complete saddle is given by the Minkowski plane. To obtain a non-
flat saddle, consider a symmetric saddle defined as the extension of a domino (U,K), such that
the norm of the Killing field on U induces a bounded function f defined on R; for instance:
f(x) = arctanx. The saddle we obtain is complete (see Corollary 4.7).
Example 4.44 (A null complete saddle -hence maximal- but not complete).
If we consider now a symmetric saddle defined as the extension of a domino (U,K), such
that the norm of K on U induces a function f defined on R by f(x) := ex − 1, it follows from
Corollary 4.7 that the saddle is incomplete. In this example, spacelike geodesics are complete
and timelike geodesics are incomplete; among the latter, some are semi-complete. If now f is
defined by f(x) := sinhx, then we get a null complete saddle whose non-null geodesics are all
incomplete.
Example 4.45.
Let (X,K) be a small surface. Distinguished geodesics of EX have an infinite branch from
both sides. Since any geodesic of EX is contained in an infinite branch after a certain while, the null
completeness of EX implies its completeness. However X could contain incomplete geodesics: it
is sufficient, by Lemma 4.6 to set f(x) = xα, α > 2 on one of the infinite branches.
Example 4.46 (A simply connected null complete surface, all of whose timelike and spacelike
geodesics are incomplete, except orthogonal geodesics).
Let (In)n≥0 be a sequence of pairewise disjoint intervals ofR+ such that I0 =]1, 2[,
∑
n |In| =
d < ∞, and the distance between In and In+1 is equal to 1, for all n. Denote by (Jn)n≥0 the se-
quence of intervals given by the connected components ofR+r∪In. We have ∀n ∈ N, |Jn| = 1.
Consider the following piecewise constant function φ:
φ(x) =
{
n3 if x ∈ Jn,
1
n2
if x ∈ In.
We have
1. for all M > 0, µ{φ ≤M} <∞;
2. for all α > 0, ∃δα > 0,
∫
{φ≥α}∩R+
dx√
φ(x)
= δα +
∑
n
1
n3/2
<∞, ;
3.
∫
R+
dx√
φ(x)
=
∑
n
1
n3/2
+ d
∑
n
n =∞.
Let φ˜ be a smooth function sufficiently close to φ, which satisfies these three properties. Consider
now a symmetric saddle defined as the extension of a domino (U,K), such that the norm of the
Killing field on U induces a function f defined onR by:
f(x) =
{
φ˜(x) if x ≥ 0,
−φ˜(−x) if x < 0.
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The assertions (1) and (2) imply that timelike and spacelike geodesics of S not orthogonal to the
Killing field are incomplete, by Corollary 4.7 and 4.14, whereas geodesics orthogonal to K are
complete by assertion (3).
Example 4.47 (A simply connected surface all of whose geodesics are complete, except time-
like geodesics from a certain point).
Let E be a 1-dimentional manifold homeomorphic toN∞. Denote by (σi)i the (unique) infinite
normal sequence of E . Consider a local diffeomorphism x ∈ C∞(E ,R) such that:
• x(σ0) =]−∞, 1[, x(σ1) =]0, 1[,
• ∀i ∈ N∗, |σ2i| = |σ2i+1| = 1/(2i)4, so that x(σ2i) = x(σ2i+1) =]0, 1/(2i)4[,
• x is unbounded on infinite branches of E .
Consider F ∈ C∞(E ,R), which is a negative function on infinite branches of E , except on σ0,
and with bounded transverse derivative on them. Denote by fi the restriction of F to σi composed
with x−1, and assume further that
• f0 has bounded derivative,
• ∀i ∈ N∗,∀x ∈]0, 1/(2i)4[, f2i(x) = f2i+1(x) := 1(2i)4 f1((2i)4x).
Let (X,K) be a simply connected Lorentzian surface such that E ' E ; it is null complete. It’s
clear that F has bounded transverse derivative, and in consequence, all geodesics not orthogonal
toK are complete (Theorem 4.24). Spacelike geodesics orthogonal toK are contained in a ribbon
after a certain while, so they are complete by the last conclusion of Theorem 4.24. Finally, we see
that the series defined in (4) involving the infinite normal sequence of EX converges in this case,
so that timelike geodesics orthogonal to K are incomplete. Note that the latter are all equivalent
by the isometric flow. We see that these conslusions are independent of the choice of the linking
structure on E .
Example 4.48 (A simply connected surface (X,K) all of whose geodesics are complete, except
timelike and spacelike geodesics orthogonal to K).
Let E be a 1-dimensional manifold such that G(E) is the Cayley graph of the free group G on
two generators a and b corresponding to the set S = {a, b, a−1, b−1}. Travelling along an edge to
the right represents right multiplication by a, while travelling along an edge upward corresponds
to the multiplication by b. Since the free group has no relations, the Cayley graph is a tree. The
horizontal edges are {g, ga} and the vertical ones are {g, gb}, g ∈ G. Fix a sequence αn =
1/n4, n ≥ 1. For every g ∈ G, we denote by #[a, a−1]g the number of elements a and a−1 in g,
and #[b, b−1]g the number of elements b and b−1 in g. Define Ng := #[a, a−1]g−#[b, b−1]g + 1,
and suppose that the length of the edges {g, ga} and {g, gb} are given by αNg . We have ∀i ∈
N, Nga±i = Ng + i and Ngb±i = Ng + i, so the sequence Ng is an increasing sequence in N
on every N∞-piece of E . In addition, it is bounded on every distinguished geodesic in E , for any
linking structure on it; therefore, if (∆i)i is the sequence of elements of Σ belonging to some
distinguished maximal semi-geodesic on E , for any linking structure on it, then∑
i
|∆i| = +∞. (10)
Now let (X,K) be a simply connected Lorentzien surface with Killing fieldK, such that EX ' E .
The surface is null complete by (10). Set ∀g ∈ G,∀x ∈ σ¯g, fg(x) := 1N4g f1(N
4
g (x− λg)), where
σg =]λg − 1N4g , λg[ is the element in Σ corresponding to the edge {g, ga} or {g, gb}. Here f
′
is bounded, so as in the Example 4.47 above, we see that all geodesics not orthogonal to K are
complete, whereas spacelike and timelike orthogonal geodesics are all incomplete.
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Example 4.49 (complete X , incomplete EX ).
Let E be a 1-dimensional smooth manifold with topology T, and let η (represented in green
in the figure below) be a geodesic ray in E homeomorphic to an interval [a, b[, such that η ∩ B =
{bn, n ∈ N}, with (bn)n converging to b. Suppose that B is locally finite except along η. Let
A be a linking structure on E such that any distinguished geodesic shares with η at most one
branch point. Take x ∈ C∞(E ,R) a local diffeomorphism. Since B is locally finite except on
η, it is possible to change x so that A-distinguished geodesics are complete, and η is incomplete,
so henceforth we assume that x satisfies this property. Corollary 3.28 ensures the existence of a
smooth and simply connected Lorentzian surface (X,K) such that EX ' E , which is complete. It
appears that among complete surfaces, the space of leaves may be incomplete.
η1
22
1
32
1
42
1
52
1
62
Figure 20: Example 4.49: the space of Killing orbits EX is incomplete
The closure in η of every element of Σ is the space of leaves of a type II band in X , so a
geodesic of X goes through a piece of η at most on two bands. So it is clear that the completeness
of η has no consequence on that of the surface. It is then possible to modify the geodesic com-
pleteness of E by changing x on η without affecting the completeness of X .
Another interesting fact is that according to the linking structure we choose on E , the surface can
be null complete or not. So the hypothesis of the existence of a linking structure such that the
distinguished geodesics are complete in Corollary 3.28 is not superfluous.
Example 4.50 (incomplete X , complete EX ).
Suppose that EX contains a C∞-piece, as in the figure below. Assume further that on each
element of Σ contained in C∞, the norm of the Killing field is given by
fi(x) = sin
2(
1√
x− xi ), for x ∈ Ii := [
1
(pii+ pi)2
− xi, 1
(pii)2
− xi], with xi := 1
(pi2 + pii)
2
.
The sequence of the lengths of the bands is thus given by (∆xi)i = (
1
(pii)2
− 1
(pii+pi)2
)i, whose sum
converges. Finally, assume that the length of the bands near infinity is infinite, and that outside
these bands and those of C∞, the length of the bands is equal to 1. The space of Killing orbits thus
obtained is complete.
Now let γ be a spacelike geodesic that goes through the space of Killing orbits EX along the
green piece represented in the figure below. When γ turns around in EX , it means that it is tangent
to a leaf of the Killing field. See the figure below.
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Figure 21: C∞: an infinite cycle of simple branchings in the space of Killing orbits
We claim that γ is incomplete. Indeed, denote by ti the time γ takes to cross each band of C∞;
we have ti ≤ 2
∫ xi
yi
dx√
gi(x)
, where yi = 1(pii+pi)2 , xi =
1
(pii+pi/2)2
and gi(x) = C2 − fi(x). Now
write |gi(x)| = |g′i(ai)||x− zi|, with ai ∈]yi, xi[ and gi(zi) = 0. It follows that for all i,∫ xi
yi
dx√
gi(x)
≤ 2
√
xi − yi√
g
′
i(ai)
.
Since gi is uniformly bounded from below on a neighborhood of the null orbits of the Killing
field, γ crosses this neighborhood with finite length; taking this into account, we are reduced to
considering a sequence |g′i(zi)| which tends to infinity, by isolating the neighborhoods of the zeros
of the norm. There is therefore a constant M > 0 such that
∫ xi
yi
dx√
gi(x)
≤ 2M√xi − yi. As a
result, the sum of the ti’s is bounded from above by the series
∑
i 4M
√
xi − yi which converges
by definition; this proves that γ is incomplete.
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